We describe the properties of instantons in lattice gauge theory when the action is a fixed point action of some renormalization group transformation. We present a theoretically consistent method for measuring topological charge using an inverse renormalization group transformation. We show that, using a fixed point action, the action of smooth configurations with non-zero topological charge is greater than or equal to its continuum value 8π 2 /g 2 .
INTRODUCTION
The dynamics of asymptotically free gauge theories are strongly influenced by topological effects. In QCD instantons may be responsible for breaking axial symmetry and resolving the U (1) problem [1] . In the large-N c limit a combination of the masses of the η, η ′ , and K mesons is related to the topological susceptibility through the Witten-Veneziano formula [2] .
The topological susceptibility χ is defined as the infinite volume limit of
where Q is the topological charge and V the space time volume. In QCD χ t is a dimension-4 object with no weak coupling expansion. As such, a calculation of χ t in physical units in the continuum requires nonperturbative techniques.
Over the years there have been many attempts to compute topological properties of QCD using lattice Monte Carlo simulations. A serious problem in lattice studies of topology is the presence of lattice artifacts. They can arise both from the form of the lattice action and from the choice of lattice operator to define and measure topological charge. A lattice action is, in general, not scale invariant, i.e. the action of a smooth continuum instanton can depend on its size. This leads to lattice artifacts, called "dislocations," [3] , that are nonzero charged configurations whose contribution to the topological charge comes entirely from small localized regions. If the minimal action of a dislocation is smaller than 6/11 (for SU (2) ) times the continuum value of a one-instanton configuration, then dislocations will dominate the path integral and spoil the scaling of χ t [4, 5] . Difficulties also arise because the topological charge is not conserved on the lattice. When the size of an instanton becomes small compared to the lattice spacing it can "fall through" the lattice and its charge disappears. Topological charge operators can fail to identify this process.
These problems are circumvented by the use of fixed point actions. If one can construct a lattice action and lattice operators which live on the renormalized trajectory (RT) of some renormalization group transformation (RGT), then one's predictions do not depend on the lattice spacing. A recent series of papers [6, 7, 8, 9] have shown how to find a fixed point (FP) action for asymptotically free theories, with explicit examples for spin and gauge models. FP actions share the scaling properties of the RT (through one-loop quantum corrections) and as such may be taken as a first approximation to a RT. FP actions have scale-invariant instanton solutions with an action value of exactly 8π 2 /g 2 and, as we will show, one can define a topological charge using RG techniques which has no lattice artifacts.
In principle, the questions we are asking and the methods by which we answer them are similar to the problems associated with topology in two-dimensional spin models [10, 11, 12] . Because we deal with four dimensional gauge theories we face additional obstacles in numerical tests due to computer speed and memory limitations.
In Section 2 we describe the formal properties of instantons under RG transformations and review the argument that if the action is a FP action, an instanton solution is scale invariant. We then describe a consistent method for measuring topological charge which exploits the invariance of the instanton solution under RG transformations at the FP. In Section 3 we describe the construction of trial instanton solutions on the lattice and in Section 4 we review the construction of FP actions and display a FP action for SU(2) gauge theory for a particular RG transformation. Finally in Section 5 we show that configurations with nonzero topological charge have action greater than or equal to the classical value 8π 2 /g 2 while configurations with action less than the classical value have zero topological charge. In this paper we do not address the calculation of the topological susceptibility via Monte Carlo simulation.
Formal Considerations for Ideal Instantons
We consider an SU(N) pure gauge theory 2 on the lattice and the RG transformation e
where U is the original link variable, V is the blocked link variable and T (U, V ) is the blocking kernel that defines the transformation. At β = ∞ the transformation becomes a steepest descent relation with a fixed point solution
where
In Eqn. (4) W ∈ SU(N ) and the N × N complex matrix Q µ (n B ) is the block average. The block transformation which we consider here is a scale-two Swendsen type [13] transformation, that is referred to as "type I" RGT and Q is defined in Fig. 5 in [7] . For further details we refer the reader to Ref. [7] . Eqn. 3 transforms a coarse lattice {V } that has structure on the scale of one coarse lattice spacing to a fine lattice {U } with half the lattice spacing of {V }. We will refer to this procedure as "inverse blocking."
In the continuum the action is conventionally defined as
and the continuum instanton action is S = 8π 2 /g 2 . In lattice conventions S = βS with β = 2N/g 2 for SU (N ), and the equivalent result for the instanton action is S I = 4π 2 /N . In all tables and figures in the paper which deal with actions of instanton-like configurations we will present results in units of S I so that the reader will not be forced to deal with the particular conventions we use for S (such as sums over space-time indices, etc.). In order to avoid domination of the functional integral by dislocations, the action of a configuration with nonzero topological charge must satisfy the constraint
or S/S I > 6/11 for SU (2).
The continuum instanton action is scale invariant. In general this is not the case on the lattice, as is well known, for example, for the plaquette Wilson action. On the other hand FP actions are scale invariant. The proof of that statement was given in Ref. [6] for the d = 2 σ-model and easily generalizes for asymptotically free gauge models. If {V } is a solution of the classical equations of motion, so that δS F P /δV = 0, then
Eqn. 3 implies that for the minimizing configuration {U (V )} the second term in Eqn. 7 vanishes. Then it follows that δT /δV = 0, too, or that T (U, V ) also takes its minimum value, zero. Thus
and S F P (V ) = S F P (U (V )). According to this result the FP action has exact scale invariant instanton solutions with action equal to 8π 2 /g 2 as in the continuum theory.
It also follows that the inverse blocking transformation does not change the topological charge of a configuration. According to Eqn. 3 the action on the fine lattice is always equal to or smaller than the action on the coarse lattice, because the blocking kernel T (U, V ) is positive-definite. Thus a coarse configuration that has zero topological charge will inverse block into a configuration with lower action, and after many levels of inverse blocking the action on the finest lattice will go to zero. In contrast, the action of a continuum instanton configuration will not change under blocking. A coarse configuration consisting of an instanton plus fluctuations, whose action is greater than S I , will inverse block to a configuration whose action is closer to S I , and under repeated inverse blocking will approach S I arbitrarily closely. The size of the instanton grows by a factor of two under the inverse blocking, so the physical picture of the manytimes inverse blocked lattice configuration is a large smooth instanton with its appropriate action.
There are two types of definitions of topological charge in the literature. One is the "algebraic" or "field theoretic" definition [14] where some lattice discretization of the continuum operator FF is measured. The geometric definition [15] reconstructs a fiber bundle from the lattice gauge field and identifies the second Chern number of this bundle with the topological charge.
Both definitions are correct and produce equivalent results on smooth configurations. On a coarse lattice with a sufficiently rough gauge configuration both definitions of the topological charge break down. The field theoretical definition does not yield integer values of the charge and to obtain a continuum charge the lattice charge is multiplicatively renormalized by a coupling-dependent (and action-dependent) factor Z(β). The algebraic definition could be improved by using a FP instanton charge as described by Ref. [12] -if it could be done nonperturbatively. We elect not to pursue the algebraic method in this paper due to the complication of the Z(β) factor. The geometric definition also fails as it often identifies the remnants of an instanton that has fallen through the lattice as a non-zero charge object thus predicting an artificially large topological susceptibility.
Eqn. 3 provides a way to smooth rough configurations in a way which preserves their topological properties. We define the topological charge of a configuration by first inverse blocking it to a sufficiently smooth configuration and then measuring the charge on the fine lattice. If the initial configuration is sufficiently rough, one might need to inverse block more than once to get a sufficiently smooth configuration to reliably measure Q. Since the geometric definition works on rougher configurations than the field theoretic one, we elected to use the geometric method to measure Q. Practical considerations of computer memory and speed restrict us to a single step of inverse blocking.
Notice that the above definition of topological charge requires the specification of some renormalization group transformation and its associated FP action. Inverse blocking with an arbitrary action is not guaranteed to preserve topological charge from one level of blocking to the next.
Either the algebraic or geometric definition of topological charge could beand has been-combined with some other smoothing algorithm. One popular smoothing algorithm is "cooling." The idea behind cooling is that one takes a gauge configuration and performs some local minimization of the action; this minimization is supposed to eliminate short-distance fluctuations while preserving long-distance structure. Unfortunately, cooling is not a trustworthy indicator of topological structure for rough gauge configurations. The topological charge of a cooled configuration depends on the particular action whose value is to be minimized [16] , and if the action is not constrained to be S I for all Q = 0 configurations, the act of cooling could change Q. As a practical problem, the particular algorithm used to cool may be so efficient that it does not find local minima of its action but instead global minima: the lowest global minimum is some gauge transform of the identity. While it may be possible to find a cooling algorithm which reproduces the results of inverse blocking, we elect in this work to use only the theoretically reliable inverse blocking method for measuring topological charge.
Practical Considerations for Ideal Instantons
We want to demonstrate that an FP action is indeed scale invariant by showing that the action of an instanton that is the solution of the equations of motion is independent of its size. We will parameterize these solutions by a radius or scale factor ρ and measure the topological charge Q(ρ) and the action S(ρ). We want to show that when Q = 1 S(ρ) ≥ S I and when S(ρ) ≤ S I , Q = 0. We will also illustrate that our definition of the topological charge is free of dislocations, at least for smooth instantons.
We must first deal with a couple of technical problems.
Finite volume effects
We preface this section by writing down a few formulas for the gauge potential for a single continuum instanton:
where x is a Euclidean four-vector,
is the shape factor, and
On a periodic lattice a single instanton is not a solution of the classical equations of motion; it does not obey periodicity. If we go ahead and lay down an instanton-like solution on a periodic torus of size L, we find that its action diverges linearly:
due to the discontinuity of the field configurations at x 0 = ±L/2.
To ameliorate this problem we follow Pugh and Teper [4] and consider instead trial solutions made of an instanton and a superimposed dislocation. (The dislocation can be regarded as the remnant of a small anti-instanton that fell through the lattice.) Take the solution defined by Eqn. 9 and perform a singular gauge transformation on it
where g is defined in Eqn. 11. It is easy to show that on a periodic lattice the finite-volume correction to the action of this configuration is
As we study discretized instantons, we will do computations on many different lattice sizes L and extrapolate results for the action to infinite volume using
Short distance effects
The discretization of the instanton solution on the lattice will also show lattice artifacts when the size of the instanton solution (parameterized by ρ) is of the order of the lattice spacing. A true instanton solution of a FP action has no such artifacts.
To place an instanton-like solution on a lattice we begin with a vector potential A µ (x) defined via Eqn. 9, with x measured at any continuum point with respect to an origin x 0 . Define link variables on a lattice on sites labeled by an integer n by approximately constructing the path-ordered exponential between neighboring sites. That is, define
and A µ (x) is given by Eqn. 9. We typically broke the lattice spacing up into 20 intervals (∆x = a/20 This procedure does not guarantee that we have constructed a solution for the equations of motion of our FP action. Short distance roughness in the solution, especially for small instantons, is still present. In order to remove this roughness we block the instanton configuration (perhaps repeatedly) using the RGT of Eqn. 2. Blocking at β → ∞ moves the configuration towards the FP and transforms the instanton to a solution of the equations of motion. Blocking does not preserve the topological charge. With each blocking step the size of the instanton is halved and it might disappear from the lattice. Both the value of the action and the topological charge operator should signal when that happens. ). In addition we consider two kinds of instanton-like solutions, which we call c 1 and c 2 instantons, whose centers are located at
Construction of a FP action
Determining the properties of instantons using a FP action requires knowing the action. The construction of a FP action quadratic in the gauge fields, valid for smooth gauge configurations, was described in [7] . However, instanton solutions with small ρ are not smooth and we need a parametrization of the FP action valid on rough configurations as well.
Our parametrization of the action is based on powers of the traces of the loop products V C = Π C V µ (n) (for SU(N)) where C is an arbitrary closed path
Assume we know the value of the fixed point action on a set of gauge configurations {V }. As we can measure the traces of the loop products in Eqn. 18 , we obtain a set of linear equations, one for each {V } configuration, for the coefficients c i (C ). Consequently the parameters of the fixed point action on a given set of {V } configurations can be obtained from a linear fit.
All that is left is to calculate the value of the FP action on a given configuration. The inverse blocking procedure of Eqn. 3 can be used for that. For any coarse configuration {V } we can find a fine configuration {U F P } that minimizes the right hand side of Eqn. 3 and calculate the FP action as
For this procedure we need the FP action on the fine configurations only. As the {U } configurations are very smooth, the FP action is well approximated by its analytically derived quadratic form S F P q on the fine configurations. S F P q is still too complicated for the numerical minimization. Fortunately it is possible to replace S F P q with a simpler action S 0 in the minimization if its corresponding fine configuration {U 0 } is close to {U F P } and the difference S F P q − S 0 can be corrected perturbatively. If
then
assuming that S F P q (U 0 ) − S 0 (U 0 ) is small. We took for S 0 the single plaquette action
and found that the perturbative corrections are about 0.5% as illustrated in Fig.  1 for a set of sample {V } configurations.
FP actions, even the most local ones, can be fairly complicated. At very large correlation lengths the FP action is well described by its quadratic form, given by the c 1 (C ) coefficients of Eqn. 18. As the correlation length decreases the higher representation terms become important and it is necessary to determine the c i (C ), i > 1 coefficients as well. At even smaller correlation lengths it is possible that new type of operators, which were not present in the quadratic limit (products of disconnected loops, for example), will become important.
We parametrized the fixed point action with the 12 loops present in the quadratic limit, each in 4 different representations, i.e. using the first 4 powers in the series of Eqn. 18. We found that a 48 parameter fit describes the fixed point action well if the lattice spacing of the coarse configurations is a ≤ 1/3T c .
The couplings of a 48 parameter fit are given in Table 1 . In this fit we used about 500 configurations generated with the Wilson action, all with a ≥ 1/3T c , and about 20 smooth instanton configurations with ρ > 1.0 that we created with the procedure described in Sect. 3. The FP action value of the instanton configurations were fixed by requiring that on infinite volume their action extrapolates to the theoretical value S = S I . Now we turn our attention to the scale invariance of the full FP action. 5 The action and topological charge of instanton configurations
We measure both the topological charge and the value of the fixed point action using the inverse block transformation. For each trial configuration {V } we create a fine configuration {U } according to Eqn. 3. The fine configurations are sufficiently smooth that the topological charge can be measured by the geometric method
and the minimization gives the value of the fixed point action as well
Measuring the action using Eqn. 24 rather than by direct evaluation on the coarse lattice exploits the fact that we know the FP action better on the fine configuration since the gauge field is smoother there. For the minimization procedure we need the FP action on the fine configurations only.
We found that for the instanton configurations a Symanzik type action
was efficient in the minimization. The difference S F P (U 0 ) − S 0 (U 0 ) was less then a percent with this choice.
We have four approximations to a smooth instanton solution: c 1 or c 2 origins, single or double blocked. When the four approximations do not give identical results for the action or topological charge, we know that the configurations do not satisfy the equations of motion. They could be instanton configurations with small scale fluctuations or configurations where the instanton fell through the lattice. In the former case we expect Q = 1 and S > S I , in the latter Q = 0 with arbitrary action. Table 2 gives the value of S 0 (U 0 ),
and Q geom (V ) for a series of c 1 configurations blocked once from 16 4 to 8 4 lattices. The instanton radius is measured on the coarse (8 4 ) lattice. We inverse block the 8 4 configuration to 16 4 and measure its action and charge there. At large ρ values the topological charge is Q = 1 and T (U 0 , V ) is small, as one would expect for a smooth instanton. The action S F P (V ) is slightly larger than S I due to the boundary effects. As ρ drops below 0.88, T increases about 2 orders of magnitude and S F P (V ) falls below S I . The instanton has fallen through the lattice. The topological charge measured on the fine configuration correctly describes the situation. The charge measured on the coarse lattice is still Q(V ) geom = 1. The geometric definition incorrectly identifies a dislocation with a Q = 1 instanton. We cannot specify the FP action or the action of an instanton candidate to arbitrary accuracy. There are several sources for the uncertainty of the action. For larger ρ the infinite volume extrapolation introduces error. For smaller instantons the main source of uncertainty is the specific parametrization of the FP action. Table 1 gives a 48 parameter form obtained from a fit to a data set which included both instantons and a collection of non-instanton "typical gauge field" configurations with a ≥ 1/3T c . The small core instantons are rougher than these configurations. If we use a different set of configurations with the same qualitative properties we obtain a slightly different parametrization. The new parametrization gives the same action for the configurations with a > 1/3T c but up to 10% different value for the small radius instantons (using Eqn. 24). We illustrate those differences by presenting a profile of action vs. ρ for a set of onceblocked c 1 instantons in Fig. 2 . The uncertainty in the action is represented as an error bar on the value of the action, obtained by taking two equally good parameterizations of the FP action and computing the action of the test configuration using Eqn. 24. The dotted lines show the extrapolation to infinite volume using Eqn. 15 and the couplings of Table 1 . The value of the topological charge (measured on the inverse blocked configuration) is overlaid on the figure. Notice that the action is consistent with the continuum value S I while Q = 1 and falls below that number when Q = 0. Notice also that while the difference in the action is larger for configurations which do not carry topological charge, the two parameterizations agree closely for the value of the action for an instanton configuration.
The corresponding plots for once blocked c 2 and twice blocked c 1 instantons show the same qualitative features (Figs. 3 and 4) but the quantitative differences indicate that one or two blocking steps do not get rid of all the short distance fluctuations of small radius instantons.
Instantons and the Wilson Action
Our theoretically consistent definition of the topological charge is closely related to a FP action. In principle the same configuration can have different topological charge and action depending on the FP action we use to measure it, though in practice that happens only for small core instantons. The Wilson plaquette action is not a FP action of any RG transformation. It is not possible to define the topological charge of a configuration with respect to the Wilson action.
Most of the topological calculations so far used the Wilson action and the charge was measured directly either on the original lattice or on its cooled version. The recent overimproved cooling technique relies on actions improved according to their properties on smooth instanton configurations, whose topological charge is identified by the direct geometric definition [16, 17] .
We feel it is important to demonstrate the (non-) scale invariant properties of the Wilson action and the importance of inverse blocking in defining the topological charge. In Fig. 5 -6 we show the action of our once blocked c 1 and c 2 instantons measured with the Wilson action. The dotted line indicates the Q = 0 → Q = 1 boundary on the original coarse lattice while the solid line is the boundary on the inverse blocked configuration. The inverse blocking was done with the FP action and RG transformation described in Sect. 2 and is not necessarily correct for the Wilson action. Nevertheless, the difference between the two definitions is obvious. For the c 2 once blocked instantons, for example, the boundary moves from ρ = 0.54 to ρ = 0.70 -enough to overcome the entropy problem discussed in Sect. 2! We want to emphasize one more time that our definition of the topological charge has to be used with the corresponding FP action and it cannot be automatically applied for the plaquette Wilson action.
Conclusions
In this paper we have presented a theoretically consistent definition of the topological charge based on a renormalization group transformation and studied the scale invariant instanton solutions of the corresponding FP action.
We have demonstrated that the FP action shows the desired scale invariance, i.e., that instanton solutions with non-zero topological charge have action S(ρ) ≥ 8π 2 /g 2 . For small radius smooth instanton configurations we showed that the RG topological charge is different from the direct geometrical definition and only the former is consistent with the scale invariance of the FP action, as the direct geometric method identifies dislocations with S(ρ) < 8π 2 /g 2 with Q = 1 instantons.
Our definition of the topological charge works only with the FP action of a given RG transformation and cannot be used with arbitrary, non-FP actions. In the present work we have studied only one renormalization group transformation but the method generalizes easily and the qualitative features should be the same for any RGT.
The extension of the techniques we have described to SU(3) gauge theory is straightforward. The only complication will be the necessity to use the SU(3) analog of the geometric definition for topological charge [18] .
A measurement of the topological susceptibility using an eight parameter approximate FP action valid for small correlation lengths is the subject of another paper [19] . 
